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Abst rac t - -We develop further the communication verlap index of Hong and Zuo in the case 
where the points of the graph communicate with each other through shortest paths (geodesics) of 
the graph. The structure of the graphs with minimum geodetic ommunication index is described, 
the concept of geodetic onnectivity of a graph introduced, and a condition for testing the geodetic 
connectivity of a graph given. 
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A communicat ion etwork is a graph G = (V(G), X(G)) with points v E V(G) representing 
processors and lines x E X(G) representing communication links. In a communication graph we 
shall consider here, two points communicate with each other through a shortest path (geodesic); 
we call such type of communication geodetic communication. When considering the geodetic 
communication i graphs, we need first the concept of geodetic onnectivity and its consequences, 
after which we can present results on geodetic communication overlap. 
A graph G with [V(G)I > t is geodetically t-connected if either 
(1) G is Kt, or 
(2) for every pair u, v E V(G) of points with d(u, v) > 2, there are at least t disjoint u - v 
geodesics, and at least one pair u, v of points such that  there are exactly t disjoint u - v 
geodesics in G. 
The next theorem shows how one can construct geodetically t-connected graphs and test the 
geodetic t-connectivity of a given graph. 
THEOREM 1. A graph G with [V(G)I > t is geodetically t-connected if and only if either 
(i) G = K~, or 
(ii) t'or every two points x, y of G with d(x, y) = 2, there are at least t disjoint x - y geodesics 
and for one pair x, y with d(x, y) = 2, there are exactly t disjoint x - y geodesics. 
PROOF. Assume first that  Conditions (i) or (ii) hold for G. If (i) holds, the assertion holds 
trivially, and thus, only Case (ii) needs a proof. We prove the assertion (ii) by induction. Assume 
that  if 2 < d(x, y) < i, then there are at least t disjoint x - y geodesics in G, and consider a 
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pair x,y of points with 2 < d(x,y) = i. Let an x -y  geodesic be x = zO, Zl,Z2,.. . ,zi  = y. 
There are t disjoint Zl - z~ geodesics, and let the points adjacent o zl on these geodesics be 
Wl(= z2),w2,. . . ,wt.  By the theorem, there are t disjoint z0 -w j  geodesics, j = 1 ,2 , . . . , t .  
Clearly, one can now choose t z0 - wj geodesics uch that the only point common to the chosen 
geodesics is the point z0. Otherwise, there is a point wt that does not exist on any of the chosen 
geodesics, and since there are t disjoint z0 - wl geodesics, one of them has to have the property 
that the only point common to the any of the chosen geodesics is z0. Hence, the chosen set of 
geodesics is not the maximum one, and we can add new disjoint geodesics until t disjoint z - wj 
geodesic are obtained. By combining these t geodesics to the t disjoint Zl - z~ geodesics going 
over the points Wl , . . . ,  wt, we obtain t disjoint z0 - z~ geodesics, and the assertion follows now 
by induction. 
Conversely, if G is geodetically t-connected and G ~ Kt, the first assertion of (ii) obviously 
holds. On the other hand, if there is no pair x, y with d(x, y) = 2 such that there are exactly 
t disjoint x - y geodesics, then for any pair x, y of points with d(x, y) -- 2, there are at least 
t + 1 disjoint x - y geodesics. By applying now the first paragraph of this proof, we see that G 
is geodetically s-connected, s _> t + 1, which is a contradiction. Hence, there is at least one pair 
x, y of points with d(x, y) = 2 having exactly t disjoint x - y geodesics. This completes the proof. 
Hong and Zuo have considered in [1] communication overloading, and they developed a measure, 
an index called the communication overlap, for characterizing the size of the bottle-necks of a 
communication network as communication overlap. The following index is a modification of that 
of Hong and Zuo (see, also, [2]). 
Let SP(G) be the set of geodesics in a graph G. An incidence mapping is the mapping 
~ : V(G) x SP(G) ~ {0, 1} with 
1, if v is contained in p, 
~(v,p)= O, otherwise, 
for v e V(G) and p E SP(G). A mapping f : V(G) x V(G) ~ SP(G) is a geodesic assignment 
of the graph G, if for any u, v • V(G), f(u, v) is a u - v geodesic. Let F(G) be the set of all 
geodesic assignments in G. The geodetic ommunication overlap Q(x) of a point x in G is 
and the geodetic ommunication overlap Q(G) of the graph G is 
Q(G) = max Q(x). (2) 
xev(o) 
By a direct calculation, one can see that if IV(G)I = n, then 2(n - 1) < Q(G) < n(n - 1) (the 
lower limit is obtained in a complete graph Kn and the upper one in a star of n points). In the 
graph S,~ with x as its hub, Q(x) -- (n - 1)(n - 4) and Q(u) = 2(n - 1) + 4 for other points u 
of Sn. Thus, if IV(G)I = n > 7, the point x in Sn is overloaded in the meaning of (geodetic) 
communication overlap. 
THEOREM 2. Let G be a graph with n points. Then Q(G) = 2(n - 1), if and only if G is 
geodetically r-connected with r >_ 2. 
PROOF. If  G is geodetically r-connected, r _> 2, then every two points u and v with d(u, v) >_ 2 
are joined by at least two disjoint geodesics. This implies that if x ¢ u, v, there is always a 
geodesic assignment f such that ~(x, f(u, v)) = O. Thus, the members of the sum (1) are zeros 
except when u = x or v = x. There are n - 1 members with x = u and n - 1 members with 
x = v, and thus, Q(x) = 2(n - 1) for every x e V(G). This implies by (2) that Q(G) = 2(n - 1). 
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If, conversely, Q(G) = 2(n - 1), then every member ~(z, f(u, v)) of (1) with x # u, v is zero. 
This means that there are at least two disjoint u - v geodesics which obviously are disjoint for 
every two points u and v with d(u,v) = 2. By Theorem 1, this implies that G is geodetically 
r-connected, r >_ 2, and the theorem follows. 
Next, the concept of the (geodetic) communication overlap is developed further such that we 
obtain a new concept, the (geodetic) communication k-overlap. This index is related to the 
geodetic r-connectivity with r _> k + 1. 
A mapping fk: V(G) x V(G) -+ SP(G)I  x SP(G)2 x...x SP(G)k, where SP(G)I  = SP(G)2 = 
. . . .  SP(G)k = SP(G) is a k-ary geodesic assignment of the graph C if for any pair u, v e V(G) 
fk(u, v) is the set of k u - v geodesics; note that these geodesics need not be disjoint. A k-ary 
incidence mapping is the mapping ~k : V ( G) x S P( G)I x S P( G)2 x . . . x S P( G)k ~ {0, 1, 2 , . . . ,  k} 
with 
i, if v is exactly on i geodesics of the geodesics p l ,p2 , . . - ,Pk ,  
~k (v, (Pl,P2,.. . ,Pk)) = O, otherwise, 
for v e V(G) and pj E SP(G)j ,  j = 1 ,2 , . . . ,k .  Let Fk(G) be the set of all k-ary geodesic 
assignments in G. The geodetic ommunication overlap Qk(x) of a point x in G is 
Qk(x)=min{~ev(~k(X'fk(U'V)) } ' f k6Fk(G)  u,v  (3) 
and the k-ary geodetic ommunication overlap Qk(G) of the graph G is 
Qk(G) = max Qk(x). (4) 
x6V(G) 
Following the ideas in Theorem 2 above, we obtain the following. 
THEOREM 3. Let G be a graph with n points. Then Qk(G) = 2k(n - 1) if and only if G is 
geodetically r-connected with r >_ k + 1. 
PROOF. If G is geodetically r-connected, r _> k+ 1, then every two points u and v with d(u, v) >_ 2 
are joined by at least k + 1 disjoint geodesics. This implies that if x # u, v, there is always a 
k-ary geodesic assignment fk such that ~k(x, fk(u, V)) = 0. Thus, the members of the sum (3) are 
zeros except when u = x or v = x. There are n - 1 members with u = x and n - 1 members with 
v = x, and since ~k(u, fk(u, v)) = ~k(v, fk(u, V)) = k, for every fk, there is Qk(x) = 2k(n - 1) for 
every x 6 V(G). This implies by (4) that Qk(G) = 2k(n - 1). If conversely, Qk(G) = 2k(n - 1), 
then every member ~k(x, fk(u,v)) of (3) with x ~ u,v must be zero. Let d(u,v) = 2, and let x 
be a point such that there exists a geodesic u - x - v. Since there exists an assignment fk such 
that ~k(X, fk(u, v)) = O, there are k + 1 u - v geodesics (u - x - y and k others). These geodesics 
are disjoint since d(u,v) = 2. By Theorem 1, this implies that G is geodetically r-connected, 
r > k + 1 and the theorem follows. 
Finally, we construct wo sets of geodetically k-connected graphs. A graph G is geodetic, if 
for every two points x, y 6 V(G), the x - y geodesic is unique. Trees and complete graphs are 
two well-known subclasses of the class of geodetic graphs. Let G be a geodetic graph. The 
regular combination RCGk of a geodetic graph and a complete graph Kk is obtained from G 
as follows: the points of G are substituted by complete graphs K~. Let K~ and K~ substitute 
the points vi and vj of G, respectively. If vivj is a line in G, then each point of K~ is joined to 
every point of K~. Note that in the substitution work, every complete graph need not be gk, 
but it is sufficient o substitute a point of G by a graph Kt with t > k; the graph thus obtained 
is not any more regular. It is easy to see by Theorem 3, that every graph RCGk is geodetically 
k-connected (and its nonregular version geodetically at least k-connected). The second class is 
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the class of regular combination RCDk of a geodetic graph and a totally disconnected graph of k 
points. An RCDk is obtained from G as follows. We substitute first every point of G by a totally 
disconnected graph Dk of k points. Let D~ and D~ substitute the points v~ and vj, respectively. 
If vivj is a line of G, then each point of D~ is joined to every point of/:Pk. One can now show 
by Theorem 3 that every graph RCDk is geodetically k-connected. As above, all graphs Dt used 
in the substitution process need not have t = k, but the condition t > k is sufficient. A future 
problem is to consider the fault tolerance properties of the graphs constructed above. 
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